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The Grassberger-Procaccia (GP) empirical spatial correlation integral, which
plays an important role in dimension estimation, is the proportion of pairs of
points in a segment of an orbit of length n, of a dynamical system defined on
a metric space, which are no more than a distance r apart. It is used as an
estimator of the GP spatial correlation integral, which is the probability that
two points sampled independently from an invariant measure of the system are
no more than a distance r apart. It has recently been proven, for the case of an
ergodic dynamical system defined on a separable metric spaceythat the GP
empirical correlation integral converges a.s. to the GP correlation integral at
continuity points of the latter as n— co. It is shown here that for ergodic
systems defined on R with the “max” metric the convergence is uniform in r.
Further, a simplified proof based on weak convergence arguments of the result
in separable spaces is given. Finally, the Glivenko—Cantelli theorem is used to
obtain ergodic theorems for both the moment estimators and least square
estimators of correlation dimension.

KEY WORDS: Glivenko-Cantelli theorem; fractal; almost sure convergence;
moment estimators; least square estimators; dynamical systems; chaos.

1. INTRODUCTION

Let i be a probability measure on the Borel sets # of a metric space (X, p).
Set S,={(x, x') e X x X: p(x, x") <r}. The Grassberger-Procaccia (GP)
spatial correlation integral C(r) of u is defined to be''?

Clry=uxpu(S,) (1)
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where the measureability of S, relative to the product o-field follows from
the continuity of p. Clearly, C(r) is the probability that two points sampled
independently from u are no more than a distance r apart. Let 7 be a
measure preserving transformation with respect to x. Put x,=T(x,_,}=
T x,) for some x, € X, where T'" is the nth-fold composition of T with
itself and let

n—1

1
HY==3 0y (2)
M=o

where 8. is the unit point mass at x. The GP empirical spatial correlation
integral C,(r; x,) is given by!'?

Colr; xo) =6, x 1;(S,) (3)

C,(r; xp) 1s the probability that two points selected with replacement from
the first # points of the orbit of x, are no more than a distance r apart.>
The main result of this paper is the following Glivenko—Cantelli theorem.

Theorem 1. If X< W and p is the “max” metric, then ergodicity
implies
lim sup |C,(r; xo)— C(r)] =0 (4)

n— r

as. u.

Correlation integrals arise in the empirical studies of dynamical
systems. One objective in such studies is the estimation of invariants of a
system from the observation of time series produced by it."”’ These, in turn,
are used to characterize the system. A popular invariant to estimate is the
correlation dimension v,''*’ which is defined by

(5)

whenever the limit exists; it is undefined otherwise. (For a recent review of
dimension estimation, see Cutler.'®’) The above result is used to obtain
ergodic theorems for the moment estimators and standard least square
estimators of correlation dimension. Only the proof of the almost sure con-
vergence of the moment estimator, with p =0 (see Lemma 1), makes use of

? Sometimes the GP empirical correlation integral is defined to be the probability that two
points selected without replacement from the first # points of the orbit are no more than a
distance r apart. The difference in these two quantities is O(n~'). Hence the conclusions of
this paper apply equally to either.
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the uniformity of the convergence of C,(r; x,) to C(r). It is shown that
moment and standard least square estimators converge almost surely to v,
under the conditions of Theorem 1, if and only if there exist positive con-
stants ¢ and r, such that

Ciry=cr" if r<rg (6)

This property is called exact scaling. The necessity of exact scaling is a
weakness of these estimators. In ref. 18 it is shown how to modify the least
square estimators to obtain an estimator of correlation dimension which is
consistent under the assumption of the existence of v.

The choice of metric space in Theorem 1 is that most often encoun-
tered in practice. The primary reason for using the “max” metric instead of
the Euclidean metric is that a fast algorithm''” exists for computing
C,(r; xo) In this case, while there is no price to pay for this convenience
since the correlation dimension is the same in either case.

Often one is concerned with the image of a segment of an orbit under
some function, rather than the orbit itself. Theorem 1 can easily be
generalized to this setting. To do so, let (2, #,m,S) be a dynamical
system and let (Y, r) be a metric space. Take h measurable from Q to Y.
The GP spatial correlation integral of mh~" is given by

Clhry=mh="xmh~—1(S)) (7)

where S,={(y,))eYxY:t(y,y)<r}. Put w,=S(k)w,) for some
Wy €Q and v, =h(w;), k=1,2,... The sequence {y,} is the image of the
orbit of w, with respect to . set

ln—l 1"71
mph~t==% 9,h™'==-3% 0, (8)

n,=, ",
The empirical GP spatial correlation integral for the image of the orbit is
given by

C'M(ry we) =mh = x m™h=\(S}) (9)

The modification of Theorem 1 is as follows.

Theorem 2. If Y=9R"and 7 is the “max” metric, then ergodicity of
(2, 7, m, S) implies

lim sup |C™M(r; wy) — CM(r)| =0 (10)

n— I r

a.s. m.
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Theorem 2 is of particular value in the understanding'®” of the OP
phenomena.!'®) In that case, 2 = C[0, 00), S is the left shift, and 4 is a finite
dimensional projection.

A result [17] in the same direction as Theorem 1 is the following,

Theorem 3. If (X, p) is separable, then ergodicity implies

lim C,(r; x,)=C(r) (11)

n— x

a.s. g at continuity points of C(r).

In addition, Aaronson er al.''’ used a weak convergence argument to
show that C,(r; x,) converges to C(r) a.s. i at continuity points of C(r)
whenever X< R'. In fact, as shown here, this argument yields a simple
proof of Theorem 3 and ties this result to a large literature on almost sure
weak convergence.

The question of uniform convergence when (X, p) is separable is
unanswered unless C(r) is a continuous function. However, C(r) need not
be continuous. There are two ways in which discontinuities can arise when
the “max” metric is used. First, under the assumption of ergodicty, C(r)
will be discontinuous if 4 is supported on a finite set. In this case, a simple
combinatoric argument yields Theorem 1. The other way in which discon-
tinuities can arise is if g assigns positive mass to parallel hyperplanes. The
following two examples show that such a measure can be an invariant
measure of an ergodic system. In fact, the second example is Bernoulli.

Example 1. Let X,={0,1},

0 if x=1

)
I if x=0 (12)

Tl(.\')——-{

1, =1/2(8,+9,) and and let ([0, 1], &, u,, T,) be a weak-mixing dynami-
cal system. Set X=X, X X,, T=T, xT,, and g =pu, x it,. The ergodicity
of the product dynamical system follows from the weak mixing of the
second factor and the ergodicity of the first factor. It is easy to show that
C(r) for the product system has a discontinuity at r=1 with jump size
equal to 1/2. This construction can be used to obtain ergodic dynamical
systems in any dimension greater than 1 with correlation integrals with a
finite number of discontinuities.

¥ The statement of this theorem conforms with the proof in ref. 17, not the statement given
there.
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Example 2. Let Z=[0,1), T\(z)=2: mod 1, and u, be the
Lebesgue measure on the Borel sets of Z. It is well known that the parti-
tion {[0, 1/2), [1/2, 1)} is Bernoulii for this dynamical system. Let

Z,=[1-1/2""", 1 —1/2")

X,=[0,1/2"), n=1,2.. (13)
Define X=1J7_, (X, x{1/2"7'}) and ¢ |Z > X by

P(2)=(2=@olz) 1 —9o(2)) (14)
where% —3,1/2" ", (). Here ¢“|X—+leg1ven by @ (X, Xy)=

+1—x,. Let T|X— Xbegiven by T=¢- T, -¢~" and define x on the
Borel sets of M restricted to X by u =y, ~'. By construction, the second
system is metrically isomorphic to the first; therefore it is Bernoulli
Further, the second system has a correlation integral with discontinuities at
r=2""ofsized ", n=1,2,..

Finally, Denker and Keller'®' have shown for certain weak Bernoulli
dynamical systems in R¢ that

S [Cor; x0) = C(1)] (15)

converges weakly to a normal distribution for each r.

The paper is organized as follows. The ergodic theorems for the
estimators of correlation dimension are stated and proven in the next
section. The proofs of Theorems 1-3 are given in Section 3.

2. ERGODIC THEOREMS FOR THE ESTIMATORS

2.1. Background

The following definitions are needed below. For any distribution func-
tion F(r) and real r, such that F(+') > 0, define the truncated distribution
function with truncation point r', F(r|+'), b

Flr . if <r
F("lr’)‘:{ (’)/F(' ) 1 r rl (16)
1 if r>r
and the quantile function F~' by
F~'(u)=inf{xe R=F(x)>u}, O<uxl (17

“(0)= lim F~'(e) (18)



30 Serinko

The following corollaries, which are standard results in the empirical
process literature, will be used in the proofs of this section. They are stated
for completeness. Theorem 1 and the fact that C,(r; x,) and C(r) are dis-
tribution functions imply that C,(r; x,) converges weakly to C(r) a.s. p.
Therefore one has the following.

Corollary 1. Under the assumptions of Theorem 1,

lim '[: f(r)dC,(r; ,\'0)=_[: f(r)ydC(r) (19)

h— o

a.s. u for all f which are bounded and continuous on the support of
dC(r).

Corollary. 2 Suppose that C(r) is strictly increasing for s <r < 1.
Then under the assumptions of Theorem 1,

lim  sup |C;Yu;x0)—C )| =0 (20)

n— 0 U KHKw

a.s. i, where C(s) <u, <u, < C(t). Further, if —o0 <s<t<o; C(s')=0,
s"<s, and C(¢) =1, then Eq. (17) holds with ¥, =0 and u,=1.

This is a consequence of Theorem 1 and the uniform continuity of

C~'on [u,,u,].

2.2. Moment Estimators

Suppose that the GP spatial correlation integral satisfies
Clry=alr)r’, 0<r<r, (21)

for some ry <0, where a(r) is a slowly varying function, ie., lim, _ o+ a(tr)/
a(ry=1, t>0. Set

N\
j (F) dCr|r) if p>0
0

f’mg<f>dcnpq if p=0
0

r

M(p|r')

The slow variation of a(r) is equivalent to the existence of the following
limit
M(p)= lim M(p|r'), r20 (23)

=0t
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(See Theorem 1 ref. 11, p. 281.) Under the assumption of slow variation,
it can be shown'?® ') that

,={pM(p)/[1—M(p)] if p>0 24)
—1/M(p) it p=0
The first step in this estimation procedure is to approximate v by
o (pM(p|r)I1=M(pl)]  if p>0
'B(p")‘{—l/M(plr') it p=0 (25)
for some 0 <1 <ry. The second step is to estimate f(p|r') by
i pM (P xo [ =M (p; Xl 7)) i p>0
ﬁn(psxolr )—{—l/M”(p, xolr/) lf p=0 (26)
where
r r P
J <;> dC,(r; xo|1") it p>0
[\
M. (p; xolr') = (27)

jr log <’5> dC,(rxo|F)  if p=0
0

Takens''” was the first to propose f,(p; xo|1’) with p =0 as an estimator
of v. However, he only considered the special case of exact scaling. Further,
he did not consider its almost sure limit under reatistic assumptions on the
dynamics. Wells et al.'* were the first to consider the case of p> 0. They
were able to find almost sure limits under strong mixing, for a slightly
modified estimators, which are based on two independent orbits of the
dynamical system. With Theorem 1 it is possible to obtain the almost sure
limits under ergodicity.

Lemma 1. Under the conditions of Theorem 1, if p>0, or p=0,
v>1, and C(r) is continuous in a neighborhood of the origin, then

lim B,(p; xolr")=B(plr) (28)

H— o

a.s. i. Further, 8,(p; xo|r') converges to v as. i if and only if C(r) satisfes
exact scaling and r <ry.

The condition v>1 only assures the continuity of C(r) at the origin.
Example 2 shows that there are correlation integrals which are continuous
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at the origin, but not continuous in any neighborhood of the origin. Hence,
continuity in a neighborhood of the origin does not follow from ergodicity
and v> 1.

Proof of Lemma 1. If p>0, it follows immediately from Corollary 1
that

im M,(p:xo| ') = M(p|r) (29)
a.s. . Therefore
lim £,(p; xolr')=Bip|r') (30)

as. [

On the other hand, note that log r is not bounded on (0, r,); therefore,
if p=0, Corollary 1 cannot be used to obtain the almost sure limit of
M. (p; x| r"). Instead, Corollary 2 will be used to show that

tim [ "log r dC,(r; xo| ) = | " log r dC(r[F) (31)
[(] 0

H— x

a.s. u. Two changes of variables and the concavity of log x give
J log r dC,(r; xo[r") —J‘ log r dC(rir')
0 0

a1
=J [log C;Hu; xo|r') —log C~Hulr')] du

0

VO N .\'Olr')du}

o Culr) (32)

Slog[

It follows from Theorem 1 that C,{r; x,|r') converges uniformly to C(r|r')
a.s. u. This, together with the assumed continuity of C(r) near the origin
and the slow variation of a(r), implies that C[ '(u; xo[#') and C ~'(u|r)
obey the conclusion of Corollary 2 over [0,1]. Further, v>1 implies
that

! 1
———d
L C™Nulr) U<



Ergodic Theorems 33

Therefore one has

Il C~Nu; xq| 1)

"llrg}f' o Ol du—l‘
: LC My xo|r') — C = ulr')
_Hlinl J;) C_l(ul’.l) dus

< lim sup |C ' (u; xo| ) — C~Nu|r)|

n— oL u

1 1
Jomdu‘=0 (33)

a.s. . This completes the proof of the first part of the lemma.

Clearly, if C(r) satisfies exact scaling, then B(p|r')=v, p=0, if ' <r,.
Therefore the moment estimators converge to v a.s. g if r’ <r,. Next, suppose
that 8,(p; xo|r') converges to v a.s. y if ' <rg, that is, S(p|r')=vifr <r,,
p 2 0. Then the definition of f(p|r') yields, after some manipulation,

X

r

C(;")r"’=(v+p)f r?=1C(r) dr (34)

0

r' <rgy, p=0. The right-hand side is differentiable, therefore one has

4D e (35)
dr
' < rq. This equation has the solution
Clry=cr’ (36)

if r <ry, where ¢ is a positive constant. This completes the proof.

2.3. Standard Least Square Estimators

Suppose that the GP spatial correlation integral satisfies
Cry=a(ryr” (37)

with lim, _ o+ log a(r)/log r=0. A standard least square estimator of v is
given by

U0 Xo) = v+ d(r) +¢&,(r; x¢) (38)

822/85/1-2-3
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where d(r) is the asymptotic bias, which is given by
d(r)= Y v(r)(x;—X)/Syx (39)

i=1

and ¢,(r; x,) is the random error, which is given by

8,,(['; X()) = Z [log Cn(ri; xO) —log C(ri)](xi_'\_‘)/s.\:\' (40)
i=1

and
reg™ (41)
x;=logr; (42)
‘—l i x (43)

Tm i=1 o
v(r)=log a(r) (44)
1 m _ 3

S.\-x—;i; (x;—X) (45)

with

D" ={(ry, Fapes Fy) €(0, 00)™
ri#rforsome i#j, i, j=1,2,..,m} (46)
The estimator is the slope of the least square line fit to the points
(log r;, log C,(r;; xo))s i=1,2,...m 47)
As is seen in the next two results, the choice of points to which the line is

fit will effect the asymptotic accuracy of the estimator, unless exact scaling
is satisfied.

Lemma 2. 1. d(r)=0 for all re 2" with max, ., ¢,, i <rg, m=2,
3..., if and only if for some positive constant ¢

Cry=cr if r<r, (48)

2. lim, 4+ d(Ar)=0 for all re 2™, m=2,3,.., if and only if a(r) 1s
slowly varying.
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3. Take r>0 and O<s<1. For each m, let r'"'=(s"r,s™*'r,...,
s~ 'r). Then
lim d(r'") =0 (49)

nt— oo

Proof. 1. 1If C(r) satisfies exact scaling and max, . ;c,, r; <o, then it
is easily shown that d(r) =0. Next suppose that d(r)=0 for any re 2",
with max, ¢; ¢, ri<ro. Let

k
Xp= Z xilk (50)
i=1
4; =Xx;—X; (51)

i=1,2,..,k k=2, 3,.,m In this notation,

m

d(l')= Z U(ri)Ai.m=0 (52)
i=1
Note that
Ai‘m={Ai.m—l+[‘\_‘m—_l_xm]/m lf I=1, 2,,m—1 (53)
(m—1[x,—%,,_,1/m if i=m

Substitution of Eq. (53) into Eq. (52) gives

nt m—1

Z U(ri) Ai‘lnz Z U(rl) Ai.m—l

i=1 i=1

m—1
+{ Z v(ri)['fm—] _xm] + U(l’,")(rﬂ - 1)["("1_'\7)1:—1]}/’"

i=1

m—1
= { Z v(ri)['\—’m—l —xm] + U("m)(’?’l -1 )[xm _-\_'m—l]}/r"

i=1

=0 (54)

It immediately follows that

m~—1

o(r,)= ) vr)/(m—1) (55)

i=1
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The right-hand side does not depend on r,, if max, ., <,, ; < ry. Therefore,
the left-hand side is constant for r,, <ry. Hence C(r) satisfies exact scaling.

2. If a(r) 1s slowly varying, then for any ' > 0,

11m d(iry= lim ) wo(ir) 4, ,,
A= 0% i=1
Y, lim [o(Ar) —o(Ar')] 4,,

J—0%

Il

i=1

”

Y hm log[a(Ar))/a(2')] 4, ,,

l—l

=0 (56)

Next suppose that lim,_ 4+ d(Ar) =0 for any re @™, m=2, 3,.... Then con-
siderations similar to those leading to Eq. (55) give

m—1

hm Y. logla(ir)/a(ir,)]=0 (57)

A
- i=1}

This is equivalent to

lim a(Ary) aldrs)  aldr,,_,)
i—o+ a(dr,)a(Ar,,) ' alir,,)

=1 (58)

This equation is invariant under the interchange of indices; therefore

im a(Ary)  al(iry) a(Ar,,_) alir,,)
A—07 (l( ll",”_ 1) Cl(/]»",,,_ 1 ) (l(;ul',”_ | ) (l(il’,"_ 1 )

I M ('1’ )[l(/l ) a(/{'.m—l)< (l(/{",,,) >m

B ).—l.r{)lJr a(r,,ya(Ar,,) A Ar,) \a(Ar, _1)

iy (na

_}.—00+ a(Xl‘,,,_l)

=1 (59)

Hence, lim; _ o+ a(4r,)/a(2r,, ) =1 for any r;>0, j=m — 1, m. Therefore
a(r) is slowly varying.

3. See Cutler.*
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Lemma 3. Under the conditions of Theorem 1,

lim ¥,(r; xp)=d(r)+v (60)

n— o

a.s. yt. Further, ¥,(r; xy) converges to v a.s. u if and only if C(r) satisfies
exact scaling and max, ¢; <, I'; < ro.

Proof. One has

lim en(r; —\‘0)‘: lim Z [log Cn(ri;x())_log C(ri)](xi_'\_‘)/s.\'.\‘
"o x n—ow ;7

"

= Z hm [lOg C,,(l',-; .\'0)—‘10g C(l‘,»)](.\‘,-—.f)/S,‘._\. (61)
=g

By Theorem 1 and the continuity of log x, one has

lim [log C,(r;; x¢)—log C(r)1=0 (62)

n—
a.s. it. Therefore

lim ¥,(r; xg)=d(r) +v+ lim g,(r; xo)

=d(r)+v (63)

a.s. . This completes the proof of the first part of the lemma.
The second part of the lemma follows from the first part and Lemma
2, part 1. This completes the proof.

Remark 1. Exact scaling of C(r) is not sufficient for either the
moment estimators or the standard least square estimators to be strongly
consistent. One must also know r,. In practice, this is unlikely to be the
case. Consequently, even in this, the best-behaved case, modifications to
these estimators are needed to make them consistent.

Remark 2. Without any assumption on a(r) one has under the con-
ditions of Lemma 3,

lim hm \’;,,(l'“"); xO) =v+ lim d(r(m))

n— i n-— 5 m— o

+ lim  lim ¢,(r'"™; x4)

n—= oL n— 0

=v (64)
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In ref. 18 it is shown how the limits in (64) may be taken simultaneously
to yield a consistent estimator of v without additional assumptions on C(r)
beyond the existence of v. However, the assumption of ergodicity is
strengthen to the weak Bernoulli mixing and the almost sure limit is
weakened to a limit in measure.

3. THE PROOFS

Proof of Theorem 1. First note that C,(r; x,) and C(r) are distribu-
tion functions. Therefore it suffices to show that C,(r; x,) converges to C(r)
as. u for each r and that C,(r~, x,)=lim,_ o+ C,(r; xo) converges to
C(r~)y=lim,_ 4+ + C(r —¢) a.s. u for each r. The uniformity will follow from

the Glivenko-Cantelli theorem for distribution functions (ref.4, pp.275-276).
In what follows fix r. It will be convenient to write

C,(r; xo)— C(r)= L Wi xui(dz) — L wx p(dz) (65)

A vertical section of S,, S¥= B,(x), where B,(x)= {x'€ R p(x, x') <r} is
the closed ball in RY of radlus r centered at x. Therefore the measurability
of S, with respect to the product o-field along with Fubini’s theorem (ref. 4,
p-240) and the addition and subtraction of terms gives

Cr,xg)—C(r)y= f,u,‘,"(S ),u“’(d\')—f,u(S‘,“),u(d.\‘)
= [ 3B (x)) ) — [ (B (x)) ()
= [ LB () = (B (x))] () (66)

+ [ i Bx)) ) = [ B(x)) i) (67)

Fibini’s theorem also yields u(B,(x))eL'(u). Therefore the pointwise
ergodic theorem (ref. 2, p. 13] implies that the term in (67) goes to zero as
n— oo a.s. i one has for the term in (66), as

[ (B — B )

<sup |4 (B,(x)) — u(B(x))|
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The closed balls in R with respect to the “max” metric take the form
B(x)=[x;~rx;+r]1x[x;—r xs+r]x - x[xy—r, x,+7r]

where X = (x,, X,..., X,). Krickeberg''*' has proven the uniform convergence
in R of Cartesian products of connected real sets, of which these balls are
a subfamily. His argument uses a theorem due to Gaenssler''? which
assumes i.1.d. observations, but only in order to use the strong law of large
numbers. One may substitute the pointwise ergodic theorem in place of the
strong law of large numbers; hence the conclusion of Krickeberg's result
holds under the assumptions of this theorem. Therefore

lim sup |u;%(B(x)) —pu(B(x))| =0 (68)
a.s. u.
It follows from the above argument that C,(r; xo) converges to C(r) as
n— oo a.s. i for each r. This same argument works with open balls to give
convergence of C,(r~, x,) to C(r~) as. u. for each r. This completes the
proof.

Proof of Theorem 2. 1t suffices to note that the pointwise ergodic
theorem (ref. 2, p. 13) along with the measureability of & imply that

lim m@h="(By))=mh~"(B.(y)) (69)

n— 10

as. m, where Bi(y)={)y' € R t(y, y')<r}. Consequently, the proof of
Theorem 1 carries over with x and u° replaced by mh~' and m@h~',
respectively.

Proof of Theorem 3. The pointwise ergodic theorem (ref. 2, p. 13)
gives u(A) converges to u(A4) as n— oo as. u for any Borel set 4. In a
separable metric space this implies that u;* converges weakly to u as n —» c©
as. u (ref. 16, p. 53). Again, in a separable metric space the weak con-
vergence of x4 to u a.s. ¢ implies that x°xu® converges weakly to u x u
as n— oo as. y (ref. 3, p. 21). This, in turn, implies for any f| X x X - R
which is bounded and continuous almost everywhere u x u that

im | [ 102 2 % 3tde) = [ ez X#(dz)] ~0 (70)

n— o

a.s. . The theorem follows immediately from the fact that the indicator of
S,Ig is bounded and continuous almost everywhere, u xu if r is a con-
tinuity point of C(r).
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